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Chaotic Response of Panel Vibrations Forced
by Turbulent Boundary Layer and Sound

L. Maestrello*
NASA Langley Research Center, Hampton, Virginia 23681

Experimental data are presented to show evidence of chaotic response of two adjacent aircraft panels forced
by a turbulent boundary layer and pure tone sound. The experiments are a simulation of boundary-layer and
fan noise loads on a fuselage sidewall with Reynolds number per meter of 2.85 X 10°. The response of the panels
is purely random and assumed linear when forced by the turbulent boundary-layer flow and clearly becomes
nonlinear with the appearance of the interspersed periodic to chaotic motion when forced by the boundary layer
with superimposed pure tone sound. The initial periodic response of two tori of two commensurate frequencies
changes with an increase in pure tone sound level. The response of period-doubling bifurcations then makes a
transition to chaos, which alternates with quasiperiodic response as the wave loses the spatial homogeneity. The
objective is to demonstrate the existence of strong nonlinear effects on the structure response, which is not yet well

understood.

I. Background

OST studies of nonlinear deterministic and stochastic dy-

namic problems examine externally excited systems. A typ-
ical example of an externally excited system is an aircraft fuselage
structure interacting with a turbulent boundary layer and jet engine
noise. Periodic, aperiodic, and chaotic responses can occur along
the sidewall of the fuselage structure during the acceleration from
takeoff, as well as at cruise altitude. One type of load is the so-
called buzz-saw noise in high-bypass-ratio turbofan engines. The
present experiment is designed to simulate such loads, as well as
structural nonlinear responses that result from turbulent boundary-
layer flow and high-intensity sound interaction. Such experiments
must be conductedin a wind tunnel with an anechoic test section to
prevent standing wave formation between the test panel surface and
the opposite sidewall of the tunnel. As a rule, the panel tension and
curvaturedepend on the loading. This tension, therefore, constitutes
a coupling between the loading and the response. One manifesta-
tion of this coupling is the spontaneous surface deformation of the
panel, giving rise first to the regular and then to the irregular spatial
patterns as the load increases.

In the previous experiments, panels with periodic nonlinear re-
sponses to sound and flows of constant or accelerated speeds and
their active control were considered." > The present study simulates
the abnormal processes of flow and sound loads, the unsteady loads
of the boundary-layer pressure fluctuations coupled with the panel
responses,and the soundradiationby the panel. Nonlinearbehaviors
result from increasing levels of pure tone sound as evidenced by the
response changes in the panel from periodic motions to broadband
chaos.

In the past, chaotic signals were not recognized as a physical
behaviorbut were hidden in the broad view given by stochastic pro-
cesses. At present, the interest is to distinguish between periodic,
quasiperiodic,and nonperiodicresponses>~® In the experimentsre-
ported herein, the input of the acoustic load superimposed on the
turbulent boundary-layer flow was gradually increased. First, the
boundary-layerinstability and then responses changing from peri-
odic to quasiperiodic and finally to chaotic were observed, analo-
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gous to that reportedin Refs. 7-12. This characteristicroute to chaos
was suggested by Sreenivasan,'” Giglio et al.,'' Newhouse et al.,'?
and Dowell.'* In the experiments reported herein, the loads and re-
sponses are typical of certain aircraft maneuvers under conditions
that simulate the Reynolds number of the turbulentboundary layer,
the acoustic pressure signature of a turbofan engine, and the fuse-
lage panel size. Results of the input load, panel response, and sound
transmission are discussed. Specifically the discussion focuses on
the turbulent boundary-layer responses with and without acoustic
forcing; the panel with periodic, chaotic responses; and the acoustic
pressure transmitted to the cabin side by the panel oscillations. As
arule, the panel tension and curvature depend on the input loading;
therefore, this tension constitutes a coupling between loading and
response.

SectionII describesthe experimental setup. The tools used to ana-
lyze the dynamicsresponse are describedin Sec. I1I, with Sec. III.A
describingthe turbulentboundary layer withoutand with added pure
tone sound and Sec. III.B describing the panel responses, which
change from periodic to chaotic. In Sec. IV, the correlation dimen-
sion and Lyapunov exponent are discussed. In Sec. V, the transmit-
ted pressure is discussed, and the results and some conclusions are
summarized in Sec. VI.

II. Experimental Apparatus and Instrumentation

The apparatus, an open-circuit wind tunnel, has been described
at length in the study of constant and accelerated boundary-layer
flow experiments.'?> The present experiments are conducted with
two aluminum aircraft fuselage panels that are joined by a stringer
mounted on a rigid baffle (see Fig. 1). Two panels are necessary
to allow wave transmission from one to the other when forced by
convecting loads. The panel sizes are 0.65 x 0.20 x 0.001 m, and
the stringer cross section is 0.0128 x 0.0128 m. The test section is
anechoically designed to study boundary-layer and sound interac-
tion problems. The Reynolds number per meter Re/m of the turbu-
lent boundary layeris 2.85 x 10°, freestream velocity U, is 46 m/s,
and boundary-layerthickness is 0.060 m. The acoustic sources are
created by four 120-W phase-amplitude matched speakers that are
mounted on a diffuser within the anechoic sidewall and face the
downstream panel (Fig. 1). The forcing frequency of the speakers
is 960 Hz at the sound power level of 138 dB, which is needed
to obtain chaotic response at the panel surface. The wall pressure
fluctuation and the radiated pressure are measured by miniature
pressure transducers, the flow velocity is measured by the hot-wire
anemometer, and the panel vibrationresponseis measured by minia-
ture accelerometers. All measurementsare made from directcurrent
response.
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Fig.1 Top view of wind tunnel setup with anechoic test section.

III. Transition from Periodic to Chaotic Responses

The tools used to analyze the dynamics of the responses of the
panels and to characterize the oscillations forced by the turbulent
boundary layer with or without pure tone sound are explained. The
time history of the wall pressure fluctuation and panel acceleration
is obtained. From the time history, the power spectral density, the
phase portrait, and the probability distribution are computed. For a
nonstationarysignalg (¢, x), such as the pressure fluctuation p(z, x)
or the panel acceleration g (¢, x), the instantaneous power spectrum
atinstant 7 is defined by

1 T+1/2
— / exp(i2m ft)q(t,x)dt
27 T—1/2

P(f,T) =

where T is chosen so that the experimental run contains the interval
T —1/2,T +1/2 for a sufficiently large /. The probability density
of g(T, x) is denoted by Q(r, T), where

T+1)2
é(T,X)=—/ q(t,x)dt
IJr_ip

o T)= dir prob[§(T, x) <]

In chaotic dynamics, searching for a low-dimensional character-
ization of the system is of great interest. Let ¢ (¢, x) be a mea-
sured temporal signal or time series at position x, which is em-
bedded in a d-dimensional phase space by a time delay 7. The
set Z(t) =[z,(t), ..., z4(t)] is regarded as a trajectory in the d-
dimensional phase space. The distance between two points Z(f;)
and Z(t;) is given by d;;, and for a small ¢ > 0, let N, (n, €) be the
number of pairs of points with distanced;; < ¢. Then the correlation
sum C,(¢) and the correlation dimension D(d), for given d, are
defined by Grassbergerand Procaccia® as

2N, (n, . logC
C,(e) = lim M7 Dd:hmOg—"(S)
n—oo n(n—1) e~0 loge

For computation, the parameters t and d must be chosen properly,
and the correlation dimension D, is estimated by

D, ~ logCy(n, ¢)
loge

for some sufficiently small ¢ and large n. The estimate dimension D
is taken as the asymptotic value of D, as the embedding dimension
d increases.

Given the estimated dimension D, the Lyapunov exponent, which
is one of the mostimportantcharacteristicsin a dynamic system, can
be computed approximately. Several methods exist for computing

the Lyapunov exponents”:'*~2 The Eckmann-Ruelle method'? is
used herein.

Consider Z(t) as the trajectory of a dynamic system in the
phase space of dimension d = D; obtain the tangent (linear) maps
T,=1,2, ...,k of this reconstructed dynamical system by a least-
squares fit; and decompose 7; into an orthogonal matrix Q; and
an upper triangular matrix by 7, — Q1 R, and 7, Q; _; = O; R;, for
i > 2, and compute the Lyapunov exponents

A; = lim log|(Ry_1 Ry Ry)iil

1
(k=1
for i=1,2,...,D

For details see Appendices A and B and the Eckmann-Ruelle algo-
rithm given by Conte and Dubois.'®

Two classes of waves are present in the boundary layer and in
the panel response: convecting waves along the direction of flow
and nonconvecting waves occurring across the boundary layer orig-
inally predicted by Ribner.?! The experimental observation of such
waves was widely reported in the 1960s as space-time correction
techniques??*?* The convecting waves are induced by turbulent ed-
dies moving in the boundary layer that drive the panel oscillation.
The correlation length, in the boundary layer along the direction of
flow, is of the order of the boundary-layerthickness. For the panel,
the surface waves propagate over several thicknesses?* The con-
vected waves on the surface are merely their superposition of the
effects of each cause in the presence of high-intensity sound. The
response changes from linear to periodic and then to chaotic?*%
Table 1 lists the experimental stages used to analyze the wall pres-
sure and panel responses.

A. Turbulent Boundary Layer Without and with Pure Tone Sound

At the upstream end of the test section, the boundary-layerthick-
nessis artificially increased by putting sandpaperon the tunnel side-
wall. As aresult, the Reynolds number based on the boundary-layer
thickness increases and becomes consistent in scale with current
aircraft fuselage boundary layers. The structural size of the panels
is typical of that used in aircraft fuselage sidewall panels. The mean
velocity profiles of the turbulent boundary layer are measured at
the downstream end of the second panel for the turbulentboundary
layer alone and the turbulent boundary layer with the added pure
tone sound at different amplitude levels. The results show that the
turbulent boundary-layer thickness increases slowly as the sound
power level increases.

The real-time wall pressure is measured at the center of the
stringer supporting the two panels because the pressure transducer
cannot be mounted on the panel without altering the response of the
panel. The measured real-time pressure p(t), the computed power
spectral density P(f, T), the phase plots of the computed p(t) vs
p(t), and the computed probability density Q(r, T') are shown in
Fig. 2a for a turbulent boundary layer without external sound and
in Fig. 2b for a boundary layer with pure tone sound at 960 Hz and
a sound power level of 138 dB. The real-time pressure p(t), shown
for an interval of 0.5 s in Figs. 2a and 2b near the instant 7', is used
for the evaluation of the instantaneous plots of spectrum, phase,
and probability. The pressure fluctuations for Figs. 2a and 2b are
significantly different because of the presence of pure tone sound.

Figure 2a shows a typical turbulentboundary-layerpressure fluc-
tuation with the broadband spectrum, the phase portrait, and the
nearly Gaussian distribution. Figure 2b shows the effect of added

Table 1 Panel forcing and response enroute to chaos

Force Response (bifurcation state)

Turbulent boundary layer
in absence of sound
Turbulent boundary layer
with pure tone sound

Broadband, surface waves convecting
with flow
Periodic with two or more commensurable
frequencies superimposed on
broadband, subharmonic response
Broadband chaos, panel
displacement greater than
panel thickness

Turbulent boundary layer
with higher pure tone
sound amplitude
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Fig. 2 Normalized pressure fluctuation on stringer between two panels.
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Fig. 3 Panel normalized acceleration response.

pure tone soundto thelevel of 138 dB on the change of the amplitude
of pressure fluctuation and the appearance of the peaks correspond-
ing to the pure tone sound. In the spectrum plot, the peaks of the
pure tone sound are almost 30 dB above the background level of
the broadband with harmonics and subharmonics superimposed on
the broadband spectrum. The amplitude of the broadband spectrum
in Fig. 2b becomes nearly constant, whereas that in Fig. 2a is higher
at the low-frequency end. This difference in broadband spectrum
shows that the distributionof energy in the boundary layer is signif-
icantly altered by incident pure tone sound. The real-time pressure
fluctuation shown in Fig. 2b consists mainly of N-wave-like oscil-
lations of nearly constant amplitude, whereas the broadband fluctu-
ation is not observable because of the larger scale needed for the N
waves. In the phase portrait, the convective effect is overshadowed
by the effect of the high-power-level sound at normal incidence.
The probability plot is clearly non-Gaussian and has a much larger
standard deviation than that in Fig. 2a.

B. Panel Response
The static pressure inside the wind tunnel is below the ambient
pressure outside; this simulates aircraft panels in flight when the

ambient pressure outside the fuselage is below the ambient pres-
sure inside the cabin. Thus, the panels in the wind tunnel tend to
deflect toward the moving stream. The mean static deflection is ap-
proximately the panel thickness or less. Because of the difficulty
of mounting a pressure transducer on a moving surface without
changing the inertia of the surface, the panel acceleration and dis-
placement are measured instead. Also note that data taken with the
displacement proximity probe become inaccurate as the displace-
ment becomes of the order of the panel thickness. The spatial scale
of the turbulent boundary layer is of the order of the bounddry—
layer thickness, l of the panel length. Data are taken at ¢ pdnel
lengths; two accelerometers at closer locations alter the response
Thus, we limit our results to a fixed point on the surface. Note that
the panel accelerationis related to the load, that is, the wall pressure
difference.

1. Transition to Subharmonic Response

The real-time accelerationresponse g (t), measured on the center-
line at % panel length, is shown in Fig. 3a for a turbulent boundary
layer without the incident pure tone sound and in Fig. 3b for a tur-
bulent boundary layer with added pure tone sound at 960 Hz and a
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sound power level of 130 dB for panel B. The time history of the
response g(¢) in Fig. 3a shows a randomly modulated amplitude
with a nearly Gaussian probability distribution Q (r, T'). The power
spectral density G(f, T') and phase portrait g(t) vs g(¢) show typ-
ical random broadband response. Thus, the panel response shown
in Fig. 3a is qualitatively similar to the wall pressure fluctuation
without the incident sound in Fig. 2a.

In the spectrum plots, there are peaks of pure tone frequency, har-
monics, and subharmonics. The subharmonics were absent in the
earlier experiments for which the pure tone frequency and power
level were lower. The quasiperiodicresponse and phase locking of
two frequencies f; and f, are evident. The forcing frequency f; is
960 Hz. The spectral density shows the lowest subharmonic f; to be
f1/5. All peaksarelinearcombinationsof f; and f,. Thus, the phase
and probability plots show periodic responses commensurableto f
and f,. This observationis relevant to several recent developments
in nonlinear dynamics3~'12223:25=31 A numerical and experimental
study?** was conducted on the response of a typical aircraft panel
to time harmonic, plane acoustic waves at normal incident. By in-
creasing the amplitude of the excitation source, the response of the
panel changes from linear to chaotic. The route to chaos was found
to be through a series of successive period-doubling bifurcations.
The near-field and far-field pressures were measured and found to
behave in a similar way.

2. Transitionto Chaos

With increasing pure tone sound level interacting with the turbu-
lent boundary layer, the panel oscillationloses its stability,a change
from periodic to nonperiodic responses. By increasing acoustic
power by 3 dB, the response becomes transient, alternating be-
tween quasiperiodic and chaotic with well-defined harmonic and
nonharmonic peaks superimposed on a broadband signal (evidence
of intermittency). Then by increasing the acoustic power by 9 dB,
the response becomes fully chaotic.

For a 3-dB increase in acoustic power, the computed power spec-
tra of the accelerationresponse from the measured real-time data at
f panel length are shown in Figs. 4a-4d. As time progresses from
Figs. 4a to 4d, the spectra plots reveal nonstationary and nonlinear
behaviors, whereas the remnants of the periodic behavior remain.
Figure 4aindicatesa small departure from the periodicity of Fig. 3b.
Figures 4b and 4c indicate broadening of the spectra bandwidth
about the major harmonic peaks superimposedon a broadbandspec-
trum. As time progresses, further departure from periodicityis indi-
cated becauseof the appearanceofindependentpeaks superimposed
onbroadbandasshowninFig. 4d. Figures 4a-4d are examplesof the
panelresponsejustabovethe thresholdof periodicity. Sreenivasan,'®
in Fig. 4 of his paper, shows experimentally a similar broadening
for a free shear layer wake due to a Reynolds number increase.
He captures sequences of low-dimensional nonlinear behaviors in
the initial stage of transition to turbulence, and he describes that
the transition is characterized by a narrow window of chaos inter-
spersedbetweenregionsof order. Above the thresholdof periodicity,
Figs. 4c and 4d of the present paper, a similar broadening trend is
indicated.

Ata higherpure tone sound level, a nonuniformrise in the broad-
band spectrum is observed in Figs. 5a-5c. The formally periodic
responses of the time and phase data records, partially shown in
Fig. 3b, become irregular, and the entire record appears nonperi-
odic. The correspondingphase data plots appear completely chaotic
and intermixed with quasiperiodic oscillation diverging with time.
The temporal responses indicate the existence of temporally vary-
ing finite amplitude waves. The spectra, as well as the probabil-
ity plots, have broadband chaotic behaviors. Extended real-time
response indicates spontaneous random switches of still differ-
ent chaotic behaviors than were shown. The spontaneous switch-
ing seems to be the generalization of induced intermittency by
the boundary-layer instability due to finite amplitude waves from
the acoustic field. After a short period of time, the phase plots in
Figs. 5a-5c never retrace themselves; this indicates that the mo-
tion is at incommensurable frequencies. From the data, we can es-
tablish that the combined turbulent boundary layer and high-level
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Fig.4 Panel normalized acceleration response; transition to chaos.

pure tone sound are the sources that trigger chaoticbehaviors. Addi-
tional experimentalresults by Gollub and Ramshanker,” Gollub and
Benson,* and Matsumoto and Tsuda®? have indicated that chaotic
instability depends on the characteristics of the external noise
field, a consideration well established and consistent with present
results 343233

Additional features of the wall pressure fluctuation and panel re-
sponses can be noted from the time histories in Figs. 2b and 5a-5c,
which indicate that forcing and response are induced by a sequence
of finite amplitude shock waves with expansion waves in between.
The presence of shock waves is attributed to the high level of the
acoustic pure tone impinging on the turbulent boundary layer, as
shown clearly in the power spectrum plots. For practical consider-
ation, the pure tone level is taken to be comparable with the sound
level of a turbofan engine.
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IV. Correlation Dimension and Lyapunov Exponents

The Grassbergerand Procaccia!® algorithmis used for the exam-
ination of the correlation dimension. The dimension of the attractor
isrelated to the number of degrees of freedom of the panel response,
as described by Ruelle’ and Sreenivasan.'® To compute the dimen-
sion, choosearange of size over which the scaling is to be estimated.
The number of dimensions of the panel response increases with the
increase in acoustic power level or flow speed or both. The compu-
tation procedures are shown in Appendices A and B.

Figure 6 shows the computed exponents, A,, A4, and Ag, vs the
embedding time (D — 1)t obtained from the temporal accelera-
tion of the panel response of the time data in Fig. 5. Because the
evaluated exponents are all positive, the results are consistent with
experimental observationsin Figs. 3-5, where changes in response
from periodic to chaotic are shown as the input acoustic level su-
perimposed on the turbulent boundary-layer increases. A positive
Lyapunovexponentis sufficient proof that the attractor of the system

is chaotic. Only the largest Lyapunov exponentis shown for the ex-
perimental data. As a conservative rule, 16 bits of precision are
used for the exponent calculations. The number of orbits used for
estimating A varies between 20 and 40.

The preceding results give some information on the Lyapunov
exponent of the temporal chaos at a point x. To compute the cor-
relation dimension of the spatiotemporal chaos, we need multiple
points x =X, x,, ..., and the computation becomes much more
complicated.

V. Wave Transmitted Through Panels

The turbulent boundary layer induces panel vibration that in turn
induces acoustic pressure in the ambient medium outside the tun-
nel, which simulates the cabin noise. A pressure tranduceris placed
0.79 m from the center of the downstream panel B outside the flow-
field. To prevent acoustic interference, the exterior surface of panel
A is covered with acoustic insulation material. Figure 7a shows the
resultof only turbulentboundary-layerpanel loads, and Figs. 7b and
7c show turbulent boundary-layerand pure tone sound loads at the
higher forceamplitude (see Table 1). The plotsincludereal-timehis-
tory p(t), power spectral density P(f, T), phase p(t) vs p(t), and
probability density distribution Q(r, T'). The pressure transmitted
by the panel forced by the turbulent boundary layer is broadband,
similar to the wall pressure fluctuation and the vibration response
with a Gaussian-typeprobability distribution. The transmitted pres-
sure in the presence of high-level pure tone sound is also broad-
band with a superimposed N-wave field that originated from the
wall pressure load (Fig. 2b) and is transmitted by the panel motion
(Figs. 5a-5c¢). The power spectral densities are chaotic. The prob-
ability distributions of the transmitted pressures are non-Gaussian,
and the phases vary from chaotic to quasiperiodic. Like the panel
response, the amplitude of the transmitted pressure changes with
time over a wide range of chaotic behavior as indicated in Figs. 7b
and 7c. The acoustic pressure is nonsymmetrical with respect to the
panel center, similar to the panel response. Thus, nonlinear acoustic
waves have practical applications to the simulation of cabin noises
in addition to theoretical interest.
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VI. Discussion and Conclusions

Temporal evaluationof periodic or chaotic panel responsesforced
by the turbulent boundary layer and a pure tone sound was investi-
gated to study sequences of transition of dynamic behavior as the
pure tone sound level increases. From an initial state, the turbulent
boundary-layerflow with superimposed pure tone sound causes the
response of the panel to go through a reproduciblesequence of sub-
harmonic bifurcationsin the first stage as the tone level is increased;
whenthelevel exceedsa critical value, the responseof the panel goes
through breaking of the period doubling in the final stage. In par-
ticular, the following behaviors were observed as the sound level
increased:

1) The wall pressure fluctuation and the turbulent boundary layer
were altered by the pure tone sound. The pure tone and harmon-
ics levels exceeded the broadband level by 30 dB in sound power
level; this was accompanied by a reduction of the lower frequency
broadband levels. As a result the pure tone sound coupled with the
turbulentboundary layer modified the boundary-layerthickness, the
spatial correlation, and the load on the structure.

2) The coupling between the acoustic load and the turbulent
boundary-layerload on the panel induced a quasiperiodicresponse
to the panel. The periodic response was composed of two coupled
attracting regions, where the trajectories made transition from one
to the other through the commensurable subharmonic frequencies
/> coupled to the force frequency f;. As a result, the power spectral
density had a series of peaks at all integer combinationsof two com-
mensurable frequencies f; and f,. Any other choice of reference
frequency was related to these two frequencies.

3) As the level of the pure tone increased, the panel response
bifurcated from quasiperiodicity to chaos. Estimation of positive
Lyapunov exponents from experimental time series provided quan-
titative characterization of the panel dynamic behavior. One sig-
nificant feature was that the response was not steady but ran-
domly changed from chaotic to quasiperiodic. The continuous
variation was an indication that the responses had nonstation-
ary statistics because the nonperiodic responses had no steady
average.

The dynamics may be similar to the observation made by Gollub
and Benson® in which phase locking convection alternates between
quasiperiodicand periodicresponses.The wave field behaves some-
what like the turbulent boundary-layerpressure field; the localized
acoustic load introduces changes in amplitude and in distribution.
The combined turbulent boundary-layer and acoustic loads cause
an increase in complexity so that the response field becomes tran-
sient and dispersive. In spite of recent results, the whole nonlinear-
nonstationary problem in structural dynamics is still not satisfac-
torily understood. Control of chaos caused by turbulent boundary
layer and sound on a panel is more complicated than that of the
periodic responses.

Appendix A: Computing Correlation Dimension D

The correlation dimension D is computed as follows:
1) Given nonstationary signal at x, g (¢, x), consider

Zl(t):q(tﬂx)s Zz(t):q(t'f—f,x),...
2a(t) =qlt +(d — D7, x]

where 7 is a properly chosen time delay (for some time greater than
correlation time).

2) Form a d-dimensional (pseudo)phase space S and consider
Z({t)=[z1(t), ..., zq4(t)] as a trajectory I" in S.

3) Discretize the time k=1, <t, <t,. Choose the dimension
d=2,3,..., of the embedding phase space S (depending on the
unknown size of the strange attractor), and compute Z,(t;), for
i=1,2,...,n.

4) Compute the distances d;;:

dijllZ@)—Z@pl = Z[Zk(t,-)—zk(t_,»)]z, for 1<i<j<n

k=1

5) For a given & >0, count how many pairs of (i, j) with
1 <i < j <m have distance

di<e

Denote this number by Ny (n, €).
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6) The correlation sum C; and the correlation dimension D, are
defined as
N,(n, . logCy(n,
C,(e) = lim 2M7 D, = hmogd—(ns)
n>oo n(n—1) £—0 loge
for some sufficient small ¢ and large n.
7) Because it is unknown how large d should be chosen, logically
startwithd =2, 3, 4, . .., and see the trends of the numericalresults.

Appendix B: Computing the Lyapunov Exponents

Apply the Eckmann-Ruelle algorithm'®: ' to compute the Lya-
punov exponents. This algorithm consists of the implementation of
the following steps:

1) Based on the estimated dimension D, set the dimension of the
phasespaced = D. Consider Z(t) as a trajectoryin this phase space.

2) Sett; =iAt,fori=1,2,...,n, and T = pAt, where p is an
integer. This gives rise to

Z,=Z7(1), for i=0,1,...,(n, p)=k

which is assumed to evolve according to
Z, . =F(Z), for i=0,...,k

3) Approximate the nonlinear map F' by a piecewise linear (tan-
gent) map T;,

Ziy1—ZD)=FZ)—-FZ _)~T(Zi—Zi_1)
for i=0,r,...,(k—=1)

where 7; is determined by a least-squares method with respect to
a set of neighboring points of Z;, with the distance r, for suitably
chosenr.

4) Decompose the matrix 7; into an orthogonal matrix Q; and an
upper triangular matrix R; by the QR factorization as follows:

T\=0R
Lo, =0:R,
T.0,-1=0QiR;, for i=2,3,...,k—1

5) Compute the product matrix
R¥=R_y -+ RR)
with the entry
©) — .k
(R )l_j =r, for

6) Compute the Lyapunov exponents

 =li log |(Ry - RyR))
1m(k_1) og (R _, 2Ry )il
for i=1,2,...,D
1
~ k_llogI(kal RyR )il

The principal Lyapunov exponent A = max; A;.
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